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Abstract

Introducing an H-Hopf algebroid structure into Uy, , (?[2), we investigate the
vertex operators of the elliptic quantum group U, , (sl>) defined as intertwining
operators of infinite dimensional U, ,(sl;) modules. We show that the vertex
operators coincide with the previous results obtained indirectly by using
the quasi-Hopf algebra B, ;(sl;). This shows a consistency of our H-Hopf
algebroid structure even in the case with a nonzero central element.

PACS numbers: 02.20.Uw, 02.90.+p, 05.50.+q
Mathematics Subject Classification: 16W30, 17B37, 17B67, 17B69, 81R50

1. The elliptic algebra Uq,p(glz)

In this section, we review a definition of the elliptic algebra U, , (;[2) and its RL L formulation
following [1, 2].

1.1. Definition of Uq,p(slv\[z)

The elliptic algebra U, (;[2) was introduced in [1] as an elliptic analogue of the quantum affine
algebra U, (sl») in the Drinfeld realization. It was soon realized that U, ,(sl,) is isomorphic to
the tensor product of U, (?Iz) and a Heisenberg algebra { P, e2} [2]. We here define u,, ,,(;Iz)
along the latter observation.

Let us fix a complex number g such that g # 0, |g| < 1.

Definition 1.1 [3]. For a field K, the quantum affine algebra K[U, (;[2)] in the Drinfeld
realization is an associative algebra over K generated by the Drinfeld generators a,(n €
Z4), xE(n € Z), h, c, d. The defining relations are given as follows:

c: central,
[h,d] =0, d, a,] = na,, [d,x,ﬂ = nx*,
[h,a,] =0, [h, x*(2)] = £2x7(2),
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[dn, am] = [zn]qﬂq—c\n\&“m‘o’
n
[an, x* ()] = @qid”‘z"f(z),
2
lan, x" ()] = —%z"}f(z),

(z — ¢ w)xE (Dx* (w) = (g2 — w)xF(w)x*(2),

1
= (5 (‘1&)‘#(‘10/210) - 5<q0£>¢(qc/zw)),
qg—9q w w

where [n], = L9 §(z) = Y nez 2" and

[x*(2), x~(w)] =

q—q7"'"’
xi(z) — aniz—n,
nez
V(g% = q"exp <(q -qh Zanz_ﬂ>’
n>0
olq~"2) =q " exp <_(q —q7") Z“‘”Zn)
n>0

Let r be a complex parameter. We set r* = r — ¢, p = g% and p* = g% . We define the
Jacobi theta functions [¢] and [u]* by

2 2 /%
u”/r—u us/r*—u
q

q 2u * 2u
[u] = ©,@™), [u]" = ———0,:(g™),
P " (r*:p"3 "
where
©,(2) = (25 P)oo(P/Z5 Ploo (P P)oc,
o0
@ pupa o= || (L—zp{'ph> - pir).
ny,na,...,n,=0
Setting p = e 2"/ [u] satisfies the quasi-periodicity [u + r] = —[u],[u + rt] =
efrri(Zu/rH:) [u]
We denote by { P, e¢} a Heisenberg algebra commuting with C[U, (5/,\[2)] and satisfying
[P,e?] = —e?. (1.1

We take the realization Q = %. Weset H=CP ®Cr*and H* = CQ & Cai* with the
pairing (, )

8 *
(Q.P)=1 =<8r*,r >

the others are zero.

We also consider the Abelian group H* = ZQ. We denote by C[H*] the group algebra
over C of H*, and by e* the element of C[H*] corresponding to & € H*. These e satisfy
e“ef = e**F and (e*)~! = e. In particular, e® = 1 is the identity element.

Now we take the power series ﬁeldA]F = C{P,r*) as K andAconsider the semi-direct
product C-algebra U, ,(sl,) = F[U,(sh)] ®c C[H*] of F[U,(sl»)] and C[H*], whose
multiplication is defined by

(f(P,ra®e”) - (g(P,r)b®ef) = f(P,r")g(P +(a, P),r*)ab ® ",
a,b e ClU,(b)], f(P,r*), g(P,r*) e F,a, B € H*.



J. Phys. A: Math. Theor. 41 (2008) 194012 H Konno

Let us consider the following generating functions:

1 1
u*(z, p) = exp (Z o an(q’z)") . uw@p)=exp (— > mam’z)") :
q q

n>0 n>0

We define an automorphism ¢, of C[U,, (?[2)] by
¢ c, h— h, d—d,
x*(2) = u'(z, p)x*(2), X7 () = xT(Qu (2, p),
V(@) P ut @z, p)y@u (g™ p),
9(2) = u* (g~ "z, po@u(¢7*z, p).
Definition 1.2. We define E(u), F(u), K(u) € Uq,p(g\lz)[[u]] andcfby the following formulae:
E(u) = ¢, (x*(2)) *Cz~ P~V
F(u) = ¢, (x~ ()27,
[}’l]q [n]q —
K@) = ex —————a_, ()" |exp| — ——a,z7 "
P (g [2n), [r*n], ) P ( g 2n),[rnl,
x @@z —c@P=1/4rr*+h/2r
X 1 1
d=d——{P-DP+D)+—(P+h—DP+h+1),
4r* 4r
where we set 7 = q**. We call E(u), F(u), K (u) the elliptic currents.

In fact, from definition 1.1 and (1.1), we can derive the following relations.

Proposition 1.3.

c . central,
[h,a,] =0, [h, E)] = 2E(u), [h, F(u)] = —2F (u),
[d,h] =0, [d, a,] = na,,

R 9 1 R 9 1
[d,E(u)]=< z———> E(u), d, Fw)] = (—z———) F(u),

a4z r* dz r
[(ln, am] = %q_cw&ﬁm,&
[an, E(u)] = %q*“‘"'z"E(u),
n

[an, F(u)] = —D%]qz"F(u),
EE(®) = [[ ]] E@E®),
Fw)F () = [[ ]]F(v)F(u)

1
[E@), F(v)] = — (6 (qcf)mq“/zw) - 6<q“5>H<q“/2w>),
q9—49 w w

where 7 = ¢, w = q*,

4 1 c 1 1 c 1
H @) =«K|\ux-\{r—=-|)+=)K|\ux=\r—=)—=1,
2 2) 72 2 2) 2
£(z; p*,q) (%2 P 4N (pg’2: P 4o

k= lim 2———-=, &z p.q) = .
~q2 §(23 P, q) (q*z; P, 4o (pZ; P, ¢M
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In particular, we have the following relations which, together with the last three relations in
the above, appeared in [1].

Proposition 1.4.

KWK ) = pu —v)Kw)K(u),

[u—v+ 55T
KW)E(v) = mE(U)K(M),
v 7]
Ku)F(v) = 2 F(0)K (u),
[M —V+ T]
Y, o Pl b1} kb PR
[u—v+1—§] [u—v—1+§]*
" 1 _[u—v—l][u—v+l]* L "
HE@H W) = f— e S HE @ H W),
where
Q) PV 1. i S G LU P
pu) = W) p”(u) = a2 {2} =@ P ¢ ),

,0+*(l/l) = 10+(M)|r—>r*-
Definition 1.5. We call a set (F[U, (s1,)] ®c CLH*1, ¢,) the elliptic algebra U, ,(sh).
The following relations are also useful.

Proposition 1.6.

[K(u), P] = K (u), [E(), P] =2E(u), [F(u), P1=0,
[K(u), P+h]=K(u), [E(uw), P+h] =0, [F(u), P+h]=2Fu).

1.2. The RLL relation for Uq,,,(glz)

We next summarize the RL L relation for U, (5:\[2) [2]. In tﬂe following section, the L operator
is used to discuss the H-Hopf algebroid structure of U, ,(sl).
Let us define the half currents in the following way.

Definition 1.7.
. r+1
K" (u)=K(u+ 5 ,

[u—u'+c/2—P+174[1]* dZ
[u—u' +c/21*[P — 1]* 2miz"’

[u—u'+P+h—1]1] d7

[u—w][P+h—1] 2mwiz’

Here the contours are chosen such that

E*(u) = a*% EW)

F*(u) =aj£ F@)
c

C*:lp*q°zl < I2'| < lq°zl, C:lpzl < || <zl

*ql17*
sallis

and the constants a, a* are chosen to satisfy =
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Definition 1.8. We define the operator L* (1) € EndcV ® U, (;[2) with V = C?, by

S (1 Fr@) (K @—1) 0 10
W={y 1 0 kKt )\E*w) 1)

Proposition 1.9. The operator i*(u) satisfies the following RLL relation:
Ry —uz, P+ L™ @)L () = TP @)L @) R™ Py —uz, P). - (1.2)

where R*(u, P +h) and R**(u, P) = R*(u, P)|,_.,+ denote the elliptic dynamical R matrices
given by

1
N . b(u,s) c(u,s)
R™(u,s) = p"(u) cG.s) b, s) ) (1.3)
1
with

_ [s+1][s — 1] [u] _ [l] [s +u]
P =T e Y T e
_ [1[s —u] = _ [ul
c(u,s) = [s] [1 L b(u,s) = Tk

Note that if we set L*(u, P) = L*(u) e "®2, L*(u, P) is independent of Q and satisfies
the dynamical R L L relation [2] characterizing the quasi-Hopf algebra Bq i (5 [) [4]. Moreover,
with the parametrlzatlon A= F"+2)Ag+(P+ 1)A1 , where Ag, Ao+ A are the fundamental
weights of 5[2, 4, A(ﬁ[g) is 1somorphlc to ]F[U (5[2)] as an associative algebra. These two
facts lead to the isomorphism U, p(slz) =B, )\(5 [,) ®c C[H*] as a semi-direct product C-
algebra. However, this semi-direct product breaks down the quasi-Hopf algebra structure, so
that Uy, p(slg) is not a quasi-Hopf algebra. In the following section, we show that a relevant
co-algebra structure of U, p(s ») is the H-Hopf algebroid.

Note also that the ¢ = 0 case of the dynamical RLL relation for B, ,\(5[2) coincides with
the one studied by Felder [5, 6], whereas the ¢ = 0 case of (1.2) coincides with the RLL
relation studied in [7-9] for the trigonometric R and in [10] for the elliptic R.

2. H-Hopf algebroid structure of U, p(sAlz)

In this section, we introduce an H-Hopf algebroid structure into Uy, p(az). The detailed
discussion will be published elsewhere [11]. We follow the definition of H-Hopf algebroid
given in [7-10] with a modification which makes it applicable in the case with nonzero central
element.

Let h = Ch be the Cartan subalgebra, «; the simple root and A; be the fundamental
weight of sl,. We set Q = Za; and h* = CA . Let us use the same symbol (, ) to denote the
standard paring of h and h*. Using the isomorphism ¢ : Q — H* by noy — nQ, we define
the H*-bigrading structure of U, , = U, p(s [,) by

@ (Uq,p)aﬂ’

a,BeH*

Q2.1

q"xq™" =q¥"

Noting (&, h) = (¢(@), P), we have g"*xg= P = g'*Plx for x € (U, p)up-

h —h _ {(ah) _ =
q"xq™" =q"“"x,a = 9@ +p
Uy p)ap = {x eU,, .



J. Phys. A: Math. Theor. 41 (2008) 194012 H Konno

We regard f = f(P, r*) € F as a meromorphic function on H* by

Fo = fUn P (uor®),  meH

and consider the field of meromorphic functions My~ on H* given by
My-={f: H* > C|f = f(P,r*) € F}.

We define two embeddings (the left and right moment maps) g, i, : My~ — (Ug, p)oo by
w(f) = f(P+h,r+c), wr(F) = f(P,r"). (22)

From (2.1), one finds for x € (U, )ap
w(Hx = fFP+h,r*+e)x = xf(P+h+{a, P),r*+¢) = xw(Tu ),
wr(Px = f(P.ro)x = xf (P + (B, P),r*) = xpu (T3 ],

where we regard T, = ¢* € C[H*] as a shift operator My« — Mpy-
(Tuf) = e f(P.r") e = f(P+(a, P),r).

Hereafter, we abbreviate f(P +h,r* +c¢) and f(P,r*)as f(P +h) and f*(P), respectively.
Then equipped with the bigrading structure (2.1) and two moment maps (2.2), the elliptic
algebra U, ,(sl,) is an H-algebra [7, 8].
In addition, we need the H-algebra D of the shift operators given by

o-|xin
(D)aw = (T 0}, (D)ap =0 # B,

ul (F) = uP(F) = fh, T e My

Let A and B be two H-algebras, U, , orD. The tensor product A ® B is the bigraded
vector space with

(A é B)zx,B = @ (Aa)’ ®Mys BV,B)’

yeH*

]?,' GMH*,OII' GI:I*},

where ®,,. denotes the usual tensor product modulo the following relations:
pA(Pa®b=a® ul(F)b, acA, beB. (2.3)

Then the tensor product A ® B is again an H-algebra with the multiplication (a @ b)(c ® d) =
ac ® bd and the moment maps

w'®=put®1, pi®8 =10 uk.

Note that we have the H-algebra isomorphism U, , ®D = U, , =D ® U, by x ® T g =
x=T ,®xforx e Uy, p)ap-

Now let us define an H-Hopf algebroid structure on U, , as its co-algebra structure. For
this purpose, it is convenient to use the L operator Z*(u). We shall write the entries of Z*(u)

as
Z+(u)=<fi+(u) fi(”)>.
L* () L* _(u)

From proposition 1.6 and definition 1.8, one finds

L! ) € (Uygp)—c,0.—c:0-
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It is also easy to check the relations

f(P+WLE, ) =L, ) f(P+h—e),

ere2

fYP)LE ) =L () f*(P — ).
Deﬁnition 2.1. We define H-algebra homomorphisms, ¢ : U, , — D and A : U, , —
Uyp®@Uq.p by

(L, () = 8s.0,Ty0. e(e?) =e?,

() = e () = T,

AL}, ) =Y L) ®LE,, (),

o

A(eQ) =el®e?,
Aw(H) =m(H S, Al (D)) =18 e ().

We also define an H-algebra anti-homomorphism S : U, , — U, , by

~ N e _ ~ __[P+h+1]A+ _
S(LY,) =LY _(u—-1), S(Li_w) = Pl LY (u—1),

-, w0 ~, _[P+R+ P,
S(LT,w) = T 1]*L_+(u 1), S(LY _(u) = TEV TS L, (u—1),

Se2) =e 2, S () = w (), SGu(r) = w(h).

In fact, one can show that A and S preserve the RLL relation (1.2). Moreover, we
have the following lemma indicating that &, A and S satisfy the axioms for the counit, the
comultiplication and the antipode. Hence the H-algebra U, ,,(?[2) with (A, €, S) is an H-Hopf
algebroid [7-9].

Lemma 2.2. The maps ¢, A and S satisfy

(A®id)oA=(@{d® A)o A,
(e®id)o A =id = (id®e) o A.

mo(d®S) o Alx) = i (s(x)1), Vx € U,

mo (§®id) o A(x) = u, (Ty(s(x)1)), Vx € (Ugplap-

Definition 2.3. We caQ the H-Hopf algebroid (Uq,,,(g[z), H, My, u;, ur, A, g, S) the elliptic
quantum group U, ,(sl>).

3. Representations

We consider the dynamical ’gepresentations, i.e. the representations as H-algebras [7, 8, 12],
of the elliptic algebra U, ,(sl>).

3.1. Evaluation representation

We construct the evaluation representation of Uy, ,,(;[2) by using the one of F[U, (;[2)]. We
define the (/+1)-dimensional vector space over Fby V) = @} _ Fv!,. Here, v}, (0 < m < 1)

denote the weight vectors satisfying hvfn = (- Zm)v,lﬂ. Consider the operator S* acting on

7
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yv® by Sivfn = vfnjFl, v,ln = Oform < 0,m > [. In terms of the Drinfeld generators, the
evaluation representation (7;,,,, V.’ = V' ® Clw, w™']) of F[U, (sl»)] is given by [2]
ﬂl,w(c) = O, ﬂl,w(d) = 07

n

_ w 1 n —ny nh
ﬂl,w(an) - 7q — q_l ((6] +q )q - (q

nl!w(xi(z)) = Sjt [M} E) <qhi1£) .
2 4 z

(+hn + q—(l+l)n))7

Note that V. = @, 1421y Vu With Vi, o = [ — 2m spanned by v}, ® w"(n € Z).
Let us define the H-algebra Dy y by

Dpyv = EB (DH,v)ap,

a,BeH*

Duv)as = {X € Endc V"

X(f*(P)v) = f*(P — (B, P)X(v),v € VV
X(Vi) €S Vg @-p1p)s S5(P) €F

WP =fP+wp,  uwl (o= P
for v € VH, then 7, = 71, ®id : U, (L) = F[U,(sh)] ®c C[H*] — Dy with
eQv!, = v, yields the H-algebra homomorphism. We call (7., V") the dynamical

evaluatlon representation. In particular, applying this to definitions 1.2, 1.7 and 1.8, we
obtain the following expressions for the images of the L* (u) operator.

Theorem 3.1.

O e P
o(u —v)[P][P+h+1] ’
[u v+ P[]
o(u—v)[P+h—1]
s i
@1(u —v)[P]
[” —v- %] o0
@i(u —v)
where we set 7 = q**, w = q*° and

[+1
o) = -z pl(z, p)™! [“ + T]

K2 {qu—l+2z}{pq—k+l+2z} {qk+l+2/z}{q—k—l+2/z}
{qu+l+2z}{pq—k—l+zz} {qk—l+2/Z}{q—k+l+2/Z} :

The following proposition indicates a consistency of our construction of 7, and the
fusion construction of the dynamical R matrices (face-type Boltzmann weights).

ﬁl,w (z1+(u)) =

Y

)

(L) =

Aw(Lt,w) = sl

’

T (W) = —

’

paz p)=gq

Proposition 3.2. Ler us define the matrix elements of 7).y, (Z; 6 (u)) by
1

7Tl,w( glgz(u) Z glg,(u) Lot o mu

where (L, =1 — 2m. Then we have
(L%0,@0),,,,,, = Rl = v, P3G
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Here, RY,(u—v, P) is the R matrix from (C.17) in [2]. The casel = 1, R},(u—v, P) coincides
with the image (7w, ; ® 71 ) of the universal R matrix R*(X) [4] given in (1.3). The case
[>1, RTI (u — v, P) coincides with the R matrix obtained by fusing R}, (u — v, P) I-times. In
particular, the matrix element RY,(u — v, P)ﬁ;f/ is gauge equivalent to the fusion face weight
Win(P+ée',P+e'+u/, P+, Plu—v)from(4)in[13].

3.2. Infinite dimensional representation

Let V(A;) be the level-k(c = k) irreducible highest weight F[U, (s:\[z)]—module of highest
weight ; = (k—1)Ag+IA; (0 <1 < k). Here, A; (i =0, 1) denote the fundamental weights
of slp. We regard V(h) = @,,., V(1) ® Ce™2 as the U, ,(sl,)-module [2].

We realize V(k,) by using the Drinfeld generators a,(n € Z.o) and the g-deformed
Zy-parafermion algebra [1, 2, 14]. Let us define o, (n € Zo) by

a, for n>0
% = [rnl,
[r*n]y

q""a, for n <O,

with r* = r — k. Then we have
[2m],lkm], [rm], s

m [r*m],

[Olm, an] = m+n,0-

The g-deformed Zi-parafermion algebra is an associative algebra over C generated by
Wy w_y, W n_y(u,n € 7). Consider the generating functions (parafermion fields)

V() =) =) Wepo,a

ne’
Vi) =W @) =) w2t
nez

defined on a weight vector v satisfying ¢"v = g*v. The parafermion fields W(z) and ¥ (z)
satisfy

Nk Pw/z xH) e o v (w 2w x) e N

z\—2/k (x2+"w/z;x2k)oo N . w —2/k (X2+kZ/w;x2k)oo . N
(5) (x72+kw/z; x2k)oo\y @V (w) — (z) (x72+kz/w; xzk)ooly (w)V=(z)

)

Theorem 3.3. [14] By using the irreducible q-Z; parafermion module Hf 15 the level-k
irreducible highest weight U, p(s/,\[z)-module V(A,) is realized as follows:

2k—1

"7()‘1) = @ @ @ V()"I)M+2kn+m7

meZ neZ M=0mod 2k
(M=l mod?2)

V) msztnem = Fla,(m € Zoo)] @ H] fy ® CeM*mal2 @ Cem2,

The action of the elliptic currents on V(A,) are given by

m -
K@) —:exp | — Z #a,mzm . @0 —k@P=1)/drr*+h/2r
[2m],[rm],
m=#0
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1 .
E(u) > W) :exp |- Wa’"z_m 20+ (D)2~ (P= 1)1
m#£0 Mlq

r*m
Flu) > W(z) - exp Z [k;] []q] 7" | e gD/ 2P
pr! glrml,

Let (y, V), (7w, W) be two dynamical representations of U, ,. We define the tensor
product V@ W by

VEW=PVEWN,  (VEW =D Vs O, Warp.
O(EP_)* ﬁela*
where ®,,. denotes the usual tensor product modulo the relation
ffPrvew=vQ f(P+hw, (3.1

then (Ty ® Tw)o A : U, , — Dy @ Dy, w is a dynamical representation of U, ,on V & W.

4. Vertex operators

By using the H-Hopf algebroid structure, we define the types I and II vertex operators of

Uy, p(siz) as intertwiners of U, p(s [,) modules. Investigating their intertwining relations, we
show that they coincide with those obtained in [2] by using the quasi-Hopf algebra structure
of B, ,.(slx) and the isomorphism U, ,(slh) = B, ;. (slx) ®c C[H*].

Definition 4.1. The types I and Il vertex operators of spin n/2 are the intertwiners of Uy ,-
modules of the form

D) : Vo) = VPRV (),

V) : V) BV — V(v),

where z = g%, and ?(A) and V(v) denote the level-k highest weight U, ,-modules of highest
weights ) and v, respectively. They satisfy the intertwining relations with respect to the
comultiplication A in definition 2.1.

AX)Du) = B(u)x Vx € U, (4.1)
x U (u) = U*(u) A(x) Vx €U, ,. (4.2)

The physically interesting cases are n = k, A = A;, v = Ap_; forthe type landn = 1, L = A,
v = M4 for the type II. See, for example, [14].
Let us define the components of the vertex operators as follows:

<v - -) Z V! ® D, (), 4.3)

m=0

~ c+1 ~
\Il*<v— 5 )(- Qu) = Wi (v). 4.4)

Theorem 4.2. The vertex operators satisfy the following linear equations:
D)L (v) = R ( —u, P+ )L (0)D (), (4.5)

10
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LY)V*w) = V) L* )R w —u, P — ™D — p®), (4.6)

Relation (4.5) should be understood on V.V & V(A) whereas (4.6) on V(l) ® V(A) ® V(”)

Proof. Applying A in definition 2.1 and noting proposition 3.2, we obtain from (4.1)
dwL;, (v) = A ( F e () @)
_ Z > L n ®LL,, (v) Py (u)

m=0 ¢

=3 3 S R —u PY v BT ()P ()

m=0 & m'=0

= i: v, ® 2": Z Ry, (v —u, P+h)l ,L:EZ(U)Q,I (u),

m'=0 m=0 ¢

where [, = n — 2m, etc. In the last equality we used (3.1). Similarly, for the type II, from
(4.2), we obtain

. 1~ 1
By (ve5) = (043 ) AL @) (- B42)

~ 1
:ZZ\P*<U+§) LY ) ® R}, (u — v, P)2mon)
& m’
—~ 1 >
_ ZZw"(”*z)(Rr: (= v, P = )3t L () B v))
_qu ( >R+*<u v, P — )2 TE ()

= Z\Il:l,(v + E) s e R (W —v, P — iy — &)™
&
Here in the third equality, we used relation (3.1). Note also € + p,,y = & + [p,. O

Equations (4.5) and (4.6) coincide with (5.3) and (5.4) in [2], respectively. Note
that the comultiplication used in [2] corresponds to the opposite one of A here. Under
certain analyticity conditions, these equations determine the vertex operators uniquely up to
normalization.
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